A new condition for mappings, called condition (C), which is more general than nonexpansiveness, was recently introduced by Suzuki [T. Suzuki, Fixed point theorems and convergence theorems for some generalized nonexpansive mappings, J. Math. Anal. Appl. 340 (2008) 
Introduction
A mapping T on a subset E of a Banach space X is called a nonexpansive mapping if T x − T y x − y for all x, y ∈ E. It is called quasinonexpansive if T x − y x − y for all x ∈ E and for all y ∈ F (T ), where F (T ) is the set of fixed points of T . Recently, Suzuki [19] introduced a condition on mappings, called, condition (C) and proved in [19, Theorem 5] a theorem of existence of fixed points for mappings with condition (C) on a weakly compact convex subset of a uniformly convex in every direction (UCED) Banach space.
Condition (C) is weaker than nonexpansiveness and stronger than quasinonexpansiveness (see [19] ). When E is compact, a mapping T defined on E which satisfies condition (C) always has a fixed point in E [19, Theorem 4] . Using this fact we can prove that every such mapping has a fixed point if we assume that every asymptotic center of a bounded sequence relative to a bounded closed convex subset E is nonempty and compact. Since every center in a UCED space consists of only one point, our theorem extends the above mentioned result of Suzuki. The technique of employing the asymptotic centers and their Chebyshev radii in fixed point theory was first discovered by Edelstein [5] and the compactness assumption given on asymptotic centers was introduced by Kirk and Massa [13] .
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Inspired by the method of proof in Domínguez and Lorenzo [4] , Dhompongsa et al. [2] defined a condition for Banach spaces called the (DL)-condition. It is a condition that guarantees the existence of fixed points for compact convex valued nonexpansive mappings. The (DL)-condition describes the ratio of the Chebyshev radius of the asymptotic center of a bounded sequence to its asymptotic radius. The condition was weakened later by Dhompongsa et al. in [1] • Domínguez and Lorenzo [4] : Δ X,β ( ) > 0 for some > 0 ⇒ (DL)-condition.
• Dhompongsa et al. [2] : WORTH + J (X) < 2 ⇒ (DL)-condition.
• Dhompongsa et al. [1] :
⇒ property (D).
• Domínguez and Gavira [3] : ξ X (β) <
• Saejung [18] 
• Kaewkhao [12] :
• Gavira [8] : Each of the following conditions implies (DL)-condition:
The main ingredient in the Domínguez-Lorenzo's method is the presence of an approximate fixed point sequence for the mapping in an asymptotic center. A mapping T which satisfies condition (C) also possesses an approximate fixed point sequence [19, Lemma 6] . This lets us obtain a fixed point theorem for mappings satisfying condition (C) defined on weakly compact and convex subsets of spaces with property (D). Thus the result applies to all spaces obtained by the authors mentioned above.
Preliminaries
Let E be a nonempty closed and convex subset of a Banach space X and {x n } a bounded sequence in X. For x ∈ X, define the asymptotic radius of {x n } at x as the number r x, {x n } = lim sup
The number r and the set A are, respectively, called the asymptotic radius and asymptotic center of {x n } relative to E. It is known that A(E, {x n }) is nonempty, weakly compact and convex as E is [10] .
The sequence {x n } is called regular relative to E if r(E, {x n }) = r(E, {x n }) for each subsequence {x n } of {x n }. Goebel [9] and Lim [17] proved the following lemma.
Lemma 2.1. Let {x n } and E be as above. Then there exists a subsequence of {x n } which is regular relative to E.
The following condition was defined by Suzuki [19] : [19] .) Let T be a mapping on a subset E of a Banach space X. Then T is said to satisfy condi-
Note that even though it is not mentioned explicitly in Definition 2.2, it is evident from the paper that T maps E into itself. For example, the sequence {T x n } in [19, Lemma 6] must lie in E, the domain of T .
Suzuki also showed in [19] that every nonexpansive mapping satisfies condition (C) but the converse is not true. The following basic properties of a mapping satisfying condition (C) were proved in [19] : [19, Lemma 6] .) Let T be a mapping defined on a bounded convex subset E of a Banach space X . Assume that T satisfies condition (C). Define a sequence {x n } in E by x 1 ∈ E and
, 1). Then {x n } is an approximate fixed point sequence for T , i.e., [19, Lemma 7] .) Let T be a mapping on a subset E of a Banach space X. Assume that T satisfies condition (C). Then
Lemma 2.4. (See
Here are the main results in [19] :
Theorem 2.5. (See [19, Theorem 4].) Let T be a mapping on a convex subset E of a Banach space X . Assume that T satisfies condition (C). Assume also that either of the following holds:
• E is compact;
• E is weakly compact and E has the Opial property.
Then T has a fixed point.
Theorem 2.6. (See [19, Theorem 5].) Let E be a weakly compact convex subset of a UCED Banach space X . Let T be a mapping on E.

Assume that T satisfies condition (C). Then T has a fixed point.
Theorem 2.7. (See [19, Theorem 6].) Let E be a weakly compact convex subset of a UCED Banach space X . Let S be a family of commuting mappings on E satisfying condition (C).
Then S has a common fixed point.
Main results
The next observations play important roles in this paper. 
This implies that T z ∈ A(E, {x n }). 2 Proof. Let x, y ∈ E. By Lemma 2.4, we have
Theorem 3.3. Let E be a nonempty bounded closed convex subset of a Banach space X. Let T : E → E be a mapping satisfying condition (C). Suppose that the asymptotic center in E of each bounded sequence of X is nonempty and compact. Then T has a fixed point.
Proof. Let {x n } be an approximate fixed point sequence for T and A be the asymptotic center of {x n } relative to E. Theorem 3.3 also applies to Banach spaces which are uniformly convex or more generally k-uniformly rotund since for these spaces the assumption in Theorem 3.3 holds. However, Theorem 3.3 does not apply to Banach spaces which are nearly uniformly convex (NUC) since in such spaces, the asymptotic center of a bounded sequence relative to a bounded closed convex subset is not necessarily compact (cf. [14] ). However, Theorem 3.6 below is applicable to this class of spaces. This is because X is NUC if and only if Δ X,φ ( ) > 0 for each > 0, where φ is a measure of noncompactness. So, by Domínguez and Lorenzo [4] , X satisfies the (DL)-condition and hence property (D).
The following definition is a mild modification of [1, Definition 3.1]: Definition 3.5. A Banach space X is said to satisfy property (D) if there exists λ ∈ [0, 1) such that for any nonempty weakly compact convex subset E of X , any sequence {x n } ⊂ E which is regular relative to E, and any sequence {y n } ⊂ A(E, {x n }) which is regular relative to E we have r E, {y n } λr E, {x n } . 
which leads to conclude that x − T x = 0, i.e., x is a fixed point of T . 2
Recall that the James (or the uniformly nonsquare) constant defined by Gao and Lau [6] is: J (X) = sup{ x + y ∧ x − y : x, y ∈ B X }, where B X is the closed unit ball of X . It is well known that a Banach space X is uniformly nonsquare if and only if J (X) < 2 (cf. [2] ).
Gavira showed in [8, Corollary 2] that
Thus we have , and let E be a nonempty bounded closed convex subset of X . If T : E → E is a mapping satisfying condition (C), then T has a fixed point.
Recall that a Banach space X has the fixed point property (fpp) for nonexpansive mappings if for every nonempty weakly compact convex subset E of X , any nonexpansive mapping on E has a fixed point.
It is proved in [7] that J (X) < 2 ⇒ fpp for nonexpansive mappings.
Question 1. Does J (X) < 2 imply fpp for mappings satisfying condition (C)?
Furthermore, with the same proof as in [19] , Theorem 2.7 can be extended to spaces with property (D).
Theorem 3.8. Let E be a weakly compact convex subset of a Banach space X satisfying property (D). Let F be a family of commuting mappings on E satisfying condition (C). Then F has a common fixed point.
Inspired by the results in [11, 15, 16] , we finish the paper with the following question:
Question 2. Let E be a weakly compact convex subset of a Banach space X . Assume that F is a family of mappings on E satisfying condition (C) and S is a semigroup generated by the family F . Assume also that either of the following holds:
• S is left amenable (i.e., there exists m ∈ ∞ (S) * , where ∞ (S) is the Banach algebra of bounded real-valued functions on S, such that m = m(1) = 1 and m, a f = m, f for all f ∈ ∞ (S), a ∈ S); • S is left reversible (i.e., any two right ideals of S have non-void intersection).
Does S have a common fixed point?
